In this paper we make a number of simple observations on the question of the semisimplicity of twisted group algebras. The results are based for the most part on certain results known for algebraically closed fields and on the behavior of the Jacobson Radical under field extension.
fined by xy = yix, y)xy, yix, y) E K -{o}.
If all 7(x, y) = 1 then K'G is in fact KG, the group ring of G over K.
In this paper we make a number of simple observations on the question of the semisimplicity of such algebras. Theorem 1. Let G be a group and set G = G\ Z, the wreath product of G by the infinite cyclic group Z. Then (i) G is isomorphic to a subnormal subgroup of G.
(ii) If K is any field and if K'G is any twisted group ring, then K'G is semisimple.
This result is implicit in [4] and [5] but it deserves more attention. It indicates that in general the question of semisimplicity is a global function of the group G. In particular it says that a knowledge of the structure of some subnormal subgroup of G is never sufficient in itself to answer the question. Theorem 2. Let K'G be a twisted group ring and let K0 be the subfield of K generated by all 7(x, y) with x, yEG. Suppose that (i) K has characteristic p>0, (ii) G has no elements of order p, and (iii) K is not algebraic over KoThen K'G is semisimple.
Corollary.
Suppose that K has characteristic p>0 and that G has no elements of order p. If K is not algebraic over GFip) then KG is semisimple.
This improves Theorem IV of [3] by eliminating the separability condition required in that result. Thus we now know as much in characteristic p>0 about group rings of groups with no elements of order p as we know (Theorem 1 of [2]) in characteristic 0 about group rings of arbitrary groups. On the other hand, for twisted group rings the characteristic 0 analog of Theorem 2 has not as yet been proved, so we in fact know more in the modular case.
Theorem 3. Let G be a solvable group and suppose that either K has characteristic 0 or K has characteristic p>0 and G has no elements of order p. Then K'G is semisimple. This is one of a number of similar results which can be proved by the same method, namely an inductive argument on the length of a finite normal series of G provided that the quotient groups are of certain prescribed types. Presumably this method can be generalized and formalized as in [fi].
1. Algebras. In this section we study the behavior of the Jacobson Radical of an algebra A under field extension. This problem has of course been considered fully by Amitsur in [l] . However by making an appropriate assumption on A we are able to circumvent to some extent the difficulty of inseparable field extensions.
In the following A is a fixed algebra over K, F and L are field extensions of K with F^L'DK and AF denotes the P-algebra A®rF. Go/H is finitely generated. Hence also aEJ(F'Go) by Lemma 1.9 of [S], It clearly suffices to show that J(F'Go) =0 or in other words we can assume that G/H = B is a finitely generated abelian group.
Let Bi be the torsion subgroup of B so Bi is finite of order re for some integer re. Let GQCn^Zz" with Gi/H = B\. Now Proposition where G' is the commutator subgroup of G, so by induction J(K'G')=0.
Since G/G' is abelian, the above lemma yields J(K'G)=0.
